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PART I

FRIDAY, January 3, 2013
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ROOM 245 PHYSICS RESEARCH BUILDING

INSTRUCTIONS: This examination consists of six problems, each worth 10 points.
Use a separate booklet for each problem. Write the following information on the front
cover of each booklet:
1. Your special ID number that you received from Delores Cowen;
2. The problem number and the title of the exam (i.e. Problem 1, Part I).
Please make sure your answers are dark and legible.
Do NOT write your name on the cover or anywhere else in the booklet!

1. (10 points) A point charge +q is surrounded by a dielectric spherical shell with
the inner and outer radii a and b respectively, which in turn is surrounded by an
infinitesimally thin conducting shell of radius R. Both the dielectric and conducting
shells are concentric with the location of the point charge (see the figure below). The
dielectric has a homogeneous (scalar) permittivity ǫ.
(a) Find the potential and electric field everywhere. (6 pts)
(b) Find the surface charge density on all surfaces. (4 pts)

2. (10 points) A particle of mass m is constrained to move on a spherical surface of
radius R, subject to a potential U = mA · r, where A is a vector of suitable dimension
with magnitude A and direction (θA , ϕA ).
(a) Derive the particle Lagrangian. (3 pts)
(b) Derive the equations of motion. (4 pts)
(c) Now assume that the A vector points along the z-axis, and the particle has
velocity and location in the x-y plane at t = 0. Describe the initial motion. (3 pts)

3. (10 points) Consider two spin-1/2 particles.
(a) Initially these two particles are in a spin singlet state. If a measurement shows
that particle 1 is in the eigenstate of Sx = −~/2, what is the probability that particle
2 in this same measurement is in the eigenstate of Sz = +~/2? (4 pts)
(b) If initially particle 1 is in a state given by a1 χ+ + b1 eiα1 χ− and particle 2 is in
a state given by a2 χ+ + b2 eiα2 χ− , what is the probability that after a measurement
these two particles are in a spin triplet state? Here χ+ and χ− are the standard
eigenvectors (eigenspinors) of spin operator Ŝz for a spin-1/2 particle, and ai , bi , αi
(i = 1, 2) are real constants. (6 pts)
Hint: The Pauli matrices are given by




0 1
0 −i
σx =
,
σy =
,
1 0
i 0

σz =



1 0
0 −1



.

4. (10 points)
(a) Derive the Clausius-Clapeyron relation for the coexistence of two phases (e.g.,
liquid-gas or liquid-solid). This is a relation between dP/dT (with pressure P and
temperature T ), specific latent heat L and the specific volume difference of the two
phases (v1 − v2 ) of a single constituent. (5 pts)
(Hint: Possible methods of the derivation include using the Carnot cycle or making
use of chemical potentials.)
(b) A long vertical cylindrical column consisting of a substance is initially at a temperature T in a gravitational field g. Above a certain point along the column the
substance is in liquid state, and below it is solid. When the temperature is lowered by ∆T , the position of the solid-liquid interface moves upward by a distance h.
Neglecting the thermal expansion of the solid, find the density ρL of the liquid in
terms of the density ρS of the solid. The specific latent heat of the solid-liquid phase
transition is L. (5 pts)

5. (10 points) A long solenoid of length L and radius r with N closely spaced turns is
placed with its axis along the z direction. It is connected to a battery with negligible
internal resistance and a voltage V . The current enters the top of the solenoid and
exits through the bottom; looking from above this current is along the anti-clockwise
direction. A resistance R is connected to the battery in series with the solenoid, and
the resistance of the solenoid is negligible.
(a) Use Ampere’s law to find the magnetic field B inside the solenoid when a current
I is flowing through it. (2 pts)
(b) Due to the self-inductance of the solenoid, the current I will take some time to
reach its final value. At an intermediate time t, derive a formal expression for the
electric field at an arbitrary radial distance ρ inside the solenoid as a function of the
current change rate dI/dt. Express your result in both Cartesian coordinates and
Cylindrical coordinates. (3 pts)
(c) Using the formula derived above and setting ρ = r, find the potential change across
one turn of the solenoid. Summing over all the turns, deduce the self-inductance of
the solenoid. (3 pts)
(d) Given the formula for the inductance and the result of (b), find the time dependent
form for the electric field at a radial distance ρ within the solenoid as a function of
the dimensions of the solenoid and the resistance of the entire circuit. (2 pts)

6. (10 points) For a one-dimensional simple harmonic oscillator with potential V (x) =
2
mω 2 x2 /2, it is known that the ground state is described by ψ(x) = A exp(− mω
2~ x ) if
the nonrelativistic kinetic energy K = p2 /2m is used.
(a) Determine A. (2 pts)
(b) Prove that if using relativistic kinetic energy, the lowest order correction to K is
given by −p4 /(8m3 c2 ), where c is the speed of light. (3 pts)
(c) Use the result of (a) and perturbation theory to calculate the ground state energy
of this relativistic harmonic oscillator up to order 1/c2 . (5 pts)

